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Abstract

In this paper, we set up a geometric framework for solving sparse matrix problems. We introduce
geometric sparsenesa notion which applies to several well-known families of sparse matrix. Two
algorithms are presented for solving geometrically-sparse matrix problems. These algorithms are in-
spired by techniques in classical algebraic topology, and involve the construction of a simplicial com-
plex from certain data on the matrix. In both cases, large parts of the computation can be parallelised.
0 2003 Elsevier Inc. All rights reserved.
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1. Introduction

The purpose of this paper is to introduce a general notion of structured sparseness
for matrices, which we caljeometric sparsenesand to construct algorithms for matrix
procedures which are applicable to matrices satisfying this notion of sparseness. The
algorithms we construct admit a great deal of parallelism, and so are particularly useful
when doing parallel or distributed computing. We also believe that the geometric point of
view is fruitful, and should be exploited.

To give an informal description of geometric sparseness, we suppose first that we are
given a metric spac#&, which will act as a parameter space for describing the sparseness.
Let M be anm x n matrix, which we can regard as a linear miédp> W between vector
spaced =R" andW =RR". The columns and rows @f correspond to the standard basis
elements ofV andW, respectively.

* Corresponding author.
E-mail addresssilva@math.stanford.edu (V. de Silva).

0196-8858/$ — see front mattéi 2003 Elsevier Inc. All rights reserved.
doi:10.1016/j.aam.2003.08.002



2 G. Carlsson, V. de Silva / Advances in Applied Mathematics 33 (2004) 1-25

Now suppose that the columns and rows are labelled by elements of the metri&space
For¢ > 0, we say that the matrik is £-sparse with respect to this labelliifghe entry;;
equals zero whenever their row and column lalage separated by a distance greater than
£ in X. Equivalently, this means that basis elements are seM by linear combinations
of nearby basis elements—nearby in the sense that the corresponding labéksvithin
distancel. Here are some examples.

Example 1. Let X be the real line, and suppose that each row and colunv isflabelled
by its index. For any intege?, the matrixM is £-sparse ifM;; = 0 wheneveti — j| > £. In
other wordsM is abanded matrixwith a band of width 2+ 1 about the diagonal (Fig. 2,
left).

Example 2. Consider the problem of numerically solving a linear partial differential
equation in the plane, say on the unit square. First create a grid of points in the unit
square. This grid of points is regarded as a basis for the set of vectors of possible values
of functions at the grid points. The partial differential operafocan be represented by a
finite-difference approximatioM = Mp, which is a linear transformation on this vector
space of approximate functions. To compute a finite difference approximation to a partial
derivative only requires the values at nearby grid points. THus ¢-sparse for suitablé,

with X taken to be the unit square.

Our original motivating example was the following.

Example 3. SupposeX is a simplicial complex embedded in a Euclidean space. For each
k > 0, we letCy (X) denote the vector space spanned byktisamplices ofX. In computing

the homology groups of the simplicial compl&x we must evaluate the null space of the
boundary linear transformatidh : Cx (X) — Cx—1(X), which is defined by

k
([vo, ..., uel) = Z(—l)i[vo, e Vim1, py Vig L, e Uk
i=0

If we now view eactk-simplex (respectivelyk — 1)-simplex) as a basis element 6§ (X)
(respectivelyCy_1(X)) labelled inX by its barycenter, and if we létdenote the maximal
diameter of any simplex aX, then the operatdi; is ¢-sparse.

As will be seen later, our methods return full circle to the idea of a simplicial complex;
the general theme is to exploit the topological structure of the metric spaead this
often involves the consideration oh&rve complexlenotedV. .

To construct an algorithm for Gauss or Gauss—Jordan elimination #osparse matrix,
the key input we require is eoveringof X by subsets. For instance, the real line can be
covered by interval§i, i + 1]. The covering has to be chosen in a way which is adapted
to the parametet. The philosophy of our method is to solve subproblems depending on
the basis elements which lie in particular subsets of the coverings; these problems can be
solved independently (and hence concutiggrior each such subset. This gives a flexible
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approach for creating concurrent algorithms for solving matrix problems in the presence
of geometric sparseness.

A word about the origin of these ideas. In classical algebraic topology, one is often
faced with the problem of computing the holagy groups (or indeed any other algebraic
invariant) of a topological space. A standard practice is to divide the problem into a
collection of localised sub-problems where the answer is already known. One way to do
this is to break up the space itself; for instance a decomposkienU U V allows us
to compute the homolog¥, (X) in terms of H,(U), H.(V) and H,(U N V). This is the
famous Mayer—Vietoris theorem; a more complicated Mayer-Viegpéxtral sequence
applies when the decomposition involves several piétges. ., U, rather than just two.

The theory of spectral sequences involves&aching generalisatis of this idea; our two
main algorithms are designed to mimic twpesific spectral sequences from algebraic
topology. The interested reader can consult [6] to learn about the subject in detail;
background material in algebraic topology can be found in [1,5]. However, our treatment
is self-contained and does not require familiarity with spectral sequences.

Finally, we wish to emphasise that the main point of this paper is to endorse a geometric
point of view for solving sparse matrix problems. Our spectral sequence algorithms suggest
ways in which geometric knowledge can be exploited. In one case, this leads to a strategy
for generating block upper-triangular representations (quite different from the Dulmage—
Mendelsohn decomposition [3]). Although this of independent interest, what is more
important is the idea that geometric information about the origins of a matrix should be
retained as a guide to solving problems involving that matrix.

2. Geometry and spar seness

In this section we give a formal definition of geometric sparseness, and illustrate the
geometric approach with several examples.

2.1. Basic examples

If M is anm x n matrix, then the set of row® can be identified with the set
{1,2,...,m} and the set of column€§ can be identified with the sdt, 2,...,n}. Let
¢:R— X andy : C — X be mappings to some metric space= (X, d).

Definition 4. The matrix M is ¢-sparse with respect tap, ¢, X) if M;; = 0 whenever
d(@@@), ¥ (j)) > L.

For convenience, we will often suppress some of the argundegtsy andX, or simply
say thatM is geometrically sparse

Example 5. All matrices areco-sparse whateveX is; and 0-sparse whenevEris a one-
point space.
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Block-diagonal matrices are defined as follows. Suppose we are given a disjoint
partition R = Ry U --- U R, of the set of rows of a matriy/, and a disjoint partition
C =C1u---UC, of the set of columns. The blodk; is defined to be the submatrix &f
where the rows oR; meet the columns of ;. The matrixM is block-diagonal ifB;; =0
whenevet # j.

Example 6. A matrix M is O-sparse if and only if it is block-diagonal wighblocks; where
p is equal to the number of distinct points in(¢) U Im(y).

Proof. Given a 0-sparse matrid, we can enumerate the distinct points in(#mu Im(yr)
asxi, ..., x,. fwe setR; = ¢~1(x;) andC; = y~1(x;) thenM is block-diagonal. Indeed,
if i # j thend(x;, x;) > 0, which implies thaB;; = 0. Conversely, if\/ is block-diagonal
then takeX = {1, ..., p} and let¢, ¥ map each row or column to the index of the &et
or C; that contains it. O

In Example 5, the metric spacéis essentially treated as an indiscrete space; whereas
in Example 6 it is effectively a discrete space wjthpoints. The more points, the better;
since linear equations involving a blockadional matrix can be solved by treating each
indexi =1, ..., p separately, we recall:

Remark 7. The Gauss—Jordan elimination algorithm for solving matrix equations requires
O (m?n) operations for am x n matrix. If the matrix is block diagonal with (for instance)
equal square blocks of sizén/p) x (n/p), then the total number of operations is

0 (m?n/ p?).

In general, the most natural spa&efor a given matrixM is neither indiscrete nor
discrete but somewhere in between. Our constant goal is to find correspondingly improved
linear algebra algorithms which take advantage of the topological structife of

We saw in the introduction that banded matrices are geometrically sparseX wihal
to the real line (or indeed any interval containing(#muU Im(y)). This is the simplest
1-dimensional case. ConverselyMf is geometrically sparse with respect to the real line
(or an interval), therM is block-banded. Figure 1 shows the non-zero entries of a typical
matrix with sparse structure modelled on an interval. It is natural to reorder the rows and
columns according to their position along the interval, as shown on the right. In this case
if we decompose the interval into six subintervals, we obtainkabblock decomposition
within which the matrix is banded of width 3.

Fig. 1. A matrix with 1-dimensionalparse structure, before and after reordering the rows and columns.
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We can combine Examples 1 and 2 from the introduction.

Example 8. The discrete Laplacian operator dmetline is an example of an (infinite)
banded matrix of width 3. Let{ be the vector space of functio’s— R. The operator
A:H — H defined by

AfG)=2fG) = (fGi— D+ fi +1)
is the discrete Laplacian and has matrix
2 ifi=,
Aijj=1q1 -1 ifli—j|=1,
0 otherwise

More generally, if f € H has finite support (say (i) = 0 for |i| > ¢), then convolution
with f is a linear operator whose matrix is banded of widtht21.

Finally, the product of two geometrically sparse matrices may also be geometrically
sparse.

Theorem 9. If M1 is £1-sparse with respect t@, x, X) and M is £2-sparse with respect
to (x, ¥, X) thenM1M> is (£1 + £2)-sparse with respect t@p, ¥, X).

Proof. The only way for[M1M>];; to be non-zero is if for somk both [M1];x # 0 and
[M2]i; # 0. Thend (¢ (i), x (k)) < £1andd(x (k), ¥ (j)) < £2 so by the triangle inequality
d@), v(j) <1+l O

2.2. Examples wittx = %

2.2.1. Cyclically banded matrices

Another family of geometrically sparse matrices has parameter $pacs?, the circle.
The most common examples angclically bandednatrices (Fig. 2, right). These atex n
matrices where the entiy;; is non-zero only if and; are at most steps apart modulo
(son is adjacent to 1, for example). Thus, in addition to the band around the main diagonal,
there are some extra non-zero entries in the top-right and bottom-left corners.

Fig. 2. A banded matrixX = interval) and a cyclically banded matriX (= circle).
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Formally, letX be the unit circle ifR2, and choose equally spaced points on it:
xx = [cos2rmk/n), sin2rk/n)].

We identify the rows and columns of thex n matrix M with these points; s@ (k) =
¥ (k) = xx. Settingh = |x1 — x14¢|, the matrixM is A-sparse if and only if it is cyclically
banded in the sense described above. The width of the bardHd 2

This kind of matrix occurs in the numerical solution of linear differential equations on
the circle; equivalently, on a real intedwvith periodic boundargonditions. As in the non-
periodic case, a functionf is represented by the sequence of valfies f(x;), where
Xo0, X1, - - ., X, IS @n evenly-spaced sequence of poirgsering the interval. Differential
operators are approximated by linear maps, the simplest possibility being

|:d_fi| o Jivr— fica
dx |; 28 ’

wheres is the separation; 1 — x;. In the periodic case, we interpret all the formulas
modulo n, so in particularf, = fo, and f,+r = fir where required. The matrix
corresponding to a differential operator is therwar n matrix, and is cyclically banded.
The width of the band depends on the degree of the differential operator, and also on
the quality of the approximation used. The approximate first-order derivative above has a
cyclic band of width 3, but other approximatis having wider bandwidth converge better
with respect to the separatién

There is a converse to the fact that liyally banded matrices are sparse wikh= St
(compare the example in Fig. 1):

Remark 10. If a matrix is geometrically sparse with parameter spsice S1, then it can
be given ap x p cyclically banded block decomposition, by dividing the circle iptequal
arcs. Even without the blocks, this structuseevident after putting the rows and columns
in the cyclic order defined by andy.

A variation on the theme allows not just one cyclic band, but several regularly spaced
bands (Fig. 3, left). Here we havepa x pn matrix, whose rows and columns are mapped
to n equally spaced points, ..., x, on the unit circle, in g-to-1 fashion:

Fig. 3. Two views of a block-cyclic matrixX = circle).
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pk)=pk+n)=---=¢(k+(p—Dn) =x,
vk =yk+n)=--=y(k+(p—Dn)=x.

A i-sparse matrix withh = | p1 — p1+¢| Will then havep cyclic bands of width 2+ 1.

The matrix in the figure hags = 8, p =4 andx = 1. For example, row 1 has non-zero
entries in columns 12,8, 9,10, 16,17, 18, 24, 25, 26, 32; that is, at indices congruent to
0, 1, 2 modulo 8. This gives four cyclic bands of width 3.

On the other hand, if we order the rows and columns cyclically as suggested in
Remark 10, the matrix takes the form shown in Fig. 3 (right). Here we have a block-
structure with a single cyclic band of width 3. This explains the name “block-cyclic” in the
caption.

2.2.2. Geometric transformations

We can interpret certain well-known matrix transformations in terms of geometric
operations on the space. For instance, suppos¥ is a cyclically banded matrix, and
we wish to regard it as a banded matrix. In other wopdss S* but we might prefelx =
interval. Geometrically, this can be done by ‘squashing’ the circle, as shown in Fig. 4 (top).
If we present the matrix by reordering the rows and columns as specified by their position
on the interval, then it becomes a genuine banded matrix (Fig. 4, bottom). If the matrix has
width 2¢ + 1 in its original cyclically banded form, then the new form is banded with width
4¢+1.

2.3. Examples wittk = R?

We now turn to examples where the sparse matrix has a two-dimensional geometric
structure.

8¢2
— 793
6¢4
5
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X
X X X X X X

Fig. 4. Squashing a circle (here with 8 points) onto an interval, and the resulting matrix transformation.
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2.3.1. Differential and difference operators

Example 11. The discrete Laplacian on the plaimean example of an infinite 1-sparse
matrix with X = R?. Let 1 be the vector space of functiod® — R, and letA: H — H
be defined by the formula:

AfG D =4fG D~ (fG+L D+ fG—1 )+ fGj+D+fGj—1).

Then the matrix ofA is 1-sparse with respect to the natural labelling of its rows and
columns by elements 2.

One can also consider the problem of finding approximate solutions to the continuous
Laplace equatiom f = 0, say on the unit squareé = [0, 1] x [0, 1] in the plane. This time
we choose a grid of point§x;, y;)} wherexy, ..., x, andys, ..., y, are evenly spaced
sequences of points covering the intefal1]. The functionf is represented by its values
fi.j = f(x;, y;) atthe grid points; thug' is replaced by a vector of dimensiaA.

Second order partial derivatives may beresgented by the finite difference quotients

ax2 52 ’

[32_f} o Jirti —2fij+ fie1
iJ

[32_f} Jijri—2fij+ fij1
a2 1 82 7

where § is the separationx;y1 — x; = y;j+1 — y;. The approximate Laplacian (also
denotedA) is then the sum of these two terms, and is regarded as a lineaRfidp—
R™"_ Elements of the null space af are approximations to solutions of Laplace’s
equation.

Since[Af];,; depends only orf; ;, fi+1; and f; j+1, the mapA is geometrically
sparse. Specifically, let be the unit square, and let

¢, j)=v0, j) =i, y))

be the maps identifying the canonical basis vectoi®'6f* with grid points. With respect
to these maps, the approximate Laplaciaé-sparse, wheré = §. Just as before, more
sophisticated approximations exist where the valueisflarger.

Note that in this case we do not have a simple structural description of the matrix (such
as ‘banded’ or ‘cyclically banded’). Since the spaXes two-dimensional, there is no
natural way of linearly ordering the rows and columnstdfo make the structure of the
sparseness apparent.

The same idea applies to any linear partial differential operator over a two-dimensional
domain. As the degree of the operator becomes larger, one must increase the sparseness
parameter. One can also consider periodic @oubly-periodic boundg conditions. In
those cases, the correct parameter spaces are the cylingeR x S and the torus
X = ST x §1 respectively.
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2.3.2. Kronecker products

The approximate Laplaciamt described above can be regarded as an algebraic
combination of one-dimensional operators. To see thisDlelenote the operator dR”
specified by the formula:

i+1—2fi + fi-
[Df]i=f+l 5]2” fi-1

ThusD is an approximation to the differential operatdydx? on a real interval, saj0, 1;
hereR" approximates the space of functions on the interval.

As aboveR"*" approximates the space of functions on the sqi@rg x [0, 1]. If we
regard it as a tensor product

Rn Xn — Rl‘l ® Rl‘l
then the approximate Laplacian can be expressed by the formula
A=D®1n+1n®D

where 1}, is the identity onR”. The left- and right-hand terms correspondafydx2
and 92/dy?, respectively. The tensor product of two matrices is sometimes known as
a Kronecker product: the MATLAB expressidr on( A, B) produces the block matrix
whose(, j)th block equals;;; B.

Geometric sparseness af with respect to[0, 1] x [0, 1] follows from geometric
sparseness d and 1, with respect td0, 1]. We can state this as a general fact:

Theorem 12. Let M1 be ¢1-sparse with respect to the metric spacéy, d1), and letM»
be ¢,-sparse with respect t@X», d2). ThenM1 ® M2 is (£1 + £2)-sparse with respect to
X1 x X, where the product metric is taken to e= d1 + dp, that is

d((x1, x2), (y1, y2)) = d1(x1, x1) + d2(x2, y2).

Proof. The rows ofM1 ® M> are labelled by pair§&1, i) whereis is a row of M1 andiz
is a row of Mo. It is natural to define:

P (i1, i2) = (P1(i1). P2(i2)) € X1 X X2
and similarly
¥ (1. j2) = (¥1(jD). ¥2(j2)) € X1 x X2

for the columns. The entry in thgy, i2)th row and(j1, j2)th column ofM; ® Mo is non-
zero only if the(iy, j1)th entry of My and the(iz, jo)th entry of M2 are both non-zero. If
d((i1, j1), (i2, j2)) > £1 + £2 then one of these terms must be zera

The choice of product metric is not important. If we replate= d1 + d> by d =
max(d1, d2), thenM ® Mo is max{i, £2)-sparse, for instance.
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3. Matrix coverings

The rows and columns of a geometrically sparse matrix can be organised in certain
ways that are suitable for fast parallel computations. This process leads to a re-indexing
of the rows and columns in terms of the cells of a particular simplicial compglexhose
geometry reflects that of the original indexing spaceT he aim of this section is to set up
these ideas, in theory and in practice.

3.1. Coverings and the nerve complex
Let M be a matrix. A full covering oM is specified by the following data:

(1) A covering of the set of row® = R1 U --- U R,, where the subset®; are not
necessarily disjoint.

(2) A covering of the set of column§ = Cy U --- U C,, where the subsets; are not
necessarily disjoint.

It is called aCR-covering of\/ if the following condition is satisfied: if/f;; # O then
j € Cr =i € Ry for all k. Dually, it is an RC-covering ofM if the following condition
holds: if M;; # 0 theni € R, = j € Cy for all k.

If M is regarded as a linear map between vector spéces W, then row and column
coverings can be regarded as decompositioris ahd W into subspaces:

p p
V=YV,  W=) W

i=1 i=1

HereV; is the subspace spanned by basis vectors corresponding to the columns included
in C;, andW; is the subspace spanned by basis vectors corresponding to the rows included
in R;. The meaning of &R-covering is precisely that/ (V;) € W; for all i; and of an
RC-covering precisely thau!(W;) C V; for all i.

Geometrically sparse matrices have nat@® and RC-coverings, which depend on
a choice of covering of the spadeby piecesXs, ..., X,. The following theorem makes
this precise.

Theorem 13. Supposé/ is £-sparse with respect to sonig, v, X). LetX = X U---UX,
be any cover ok, and letY; = N(X;, £) be the¢-neighborhood of X; fori =1, ..., p.
ThenR; = ¢~ 1(Y;), C; = v~1(X;) defines a CR-covering 8f. Similarly, R; = ¢ 1(X,),
C; = v~ 1(Y;) defines arRC-covering ofM.

Proof. We first look at theCR case, withC;, R; defined as stated. We must show that

M(V;) € W; for everyi. Let v be the basis vector of corresponding to a particular
columnc € C;. We know thatp (c) € X;. Metric sparseness tells us thét(v) is a linear

1 The¢-neighborhood is defined to b#i(A, ¢) = {y € X | there existsc € A with d(x, y) < ¢}.
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combination of basis vectors corresponding to rows/hich are ‘close’ toc, in that
d((r), ¢(c)) < L. Thisimplies thaty () € Y;, so these rows all belong #®; as claimed.
The RC case is dual to th€Rcase. O

Even without an explicit indexing space, we can readily construc€R- and RC-
coverings. For &R covering, start with an arbitrary column coverig=C1 U --- U C,.

A compatible row coverink = R1U - -- U R, is obtained in the following way. IR; we
include (indeed, we are forced to include) every rowhich has a non-zero entry in any of
the columngC;. If R; is defined to be exactly this set of rows, the result @Racovering,
with eachr; of minimal size.

Similarly, one can start with a row covering and find a (uniqgue minimal) column
covering to make up a®C-covering. However, it is not generally possible to build a
CR-covering from a given row covering; nor to build &C-covering from a given column
covering.

We return to geometry. Given a full covering of a matfik, there is an associated
simplicial complexV. In the situation of Theorem 8, this complex may be regarded as a
coarse approximation to the metric spatce

Definition 14. Thenerve complerf a full covering is a simplicial compleX” with vertices
{1,..., p}. The simplexs = [ip...ix] belongs taV if and only if Ry N --- N R;, # @ or
CipN---NCy #0.
Itis convenient to define subspaces
Vo =VigN---NVyy, Woe=Win---N'W;,

for each simplex = [ig...it] in . Whenevewr > t we have inclusion maps

Is: Ve — Vo, I :We — W,
and projection maps

P Ve — Vg, Pro Wy — W,
Note thatl,, and P;, are adjoint. Ift is empty (soV; =V, W, = W) we simply write
I, P,. Finally, we defineM, to be the submatrix ol mappingV, — W,; that is,

My =P;MI,.

Lemma 15. A full covering of a matrixM is a CR-covering ifand only i#7; I,; = I, M,
forall o, r. Itis an RC-covering if and only itM, P, = P, M, forall o, 7.

Proof. The original definition essentially characteris€®-coverings by the identity
MI; = I;M; fori =1,..., p; and RC-coverings by the identity; P, = P;M for i =
1,..., p. The more general identities involvirg T are a consequence of these. We omit
the details. O
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3.2. Implementation

To make the constructions of the previous section more concrete, we now present a
simple system for representing the relevant information computationally. We use logical
vectors and matrices, whose entries consist of zeros and ones. A useful operation is
A — A%, which replaces each non-zero entryAoty a 1. In MATLAB the expression
(A~ =0) computesA®.

Let M be anm x n matrix; the goal is to find &R-covering ofM and to determine the
set of simplices of the nerv¥'.

Step 1 (representing column and row coverings column coveringC =C1 U ---UC),
may be represented as anx p logical matrix D, where theijth entry equals 1 if and
only if the ith column belongs t«@;. There are no all-zero rows iB.. Similarly, a row
covering may be represented asarx p logical matrix D, with no all-zero rows.

Step 2 (building a CR-covering After choosing am x p column covering matrixD,,
the corresponding: x p row covering matrixD, is given by

D, = (M*D.)"

where the product is matrix multiplidan. If there are any all-zero rows ib,, they
necessarily arise from all-zero rows M itself. Those rows should be discarded at the
outset.

Step 3 (constructing the simplicial compleX). The cells of N correspond to distinct
rows of D. and D,. A k-cell has exactlyk + 1 ones amongst the entries. For example if
p =5, then[0101 ] represents a triangle with edgégs00113,[0100] and[01014Q.
The MATLAB expressionuni que([Dc; Dr ], 'rows’) will produce a list of cells, by
identifying the distinct expressions which occur in the row®gfand D, .

Note that in Step 3 the list of cells is likely to be incomplete, in this sense: lower-
dimensional faces of listed cells are notluded if there is no i@ or column belonging
to exactly the right combination of thg; or the C;. Since these inactive cells play no
essential part in our main algorithms, there is in fact no need to enumerate them.
Furthermore, it is computationally inadvisable to list all the cells\&f if there are
any cells of comparatively high dimension—a singteell has 3+1 — 1 proper faces. In
contrast, the sorting procedure above lists at maisin cells, precisely the essential ones.

4. The spectral sequence of afiltration

In this section we describe an approach to localising sparse matrix computations. Here
the goal is to obtain a block-triangular form for a matrix which can be exploited to carry
out a parallelized matrix reduction.
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An important special feature is that the diagonal blocks of the triangular form are
themselves block-diagonal. These subdbis account for most of the parallelism in the
algorithm, and it is here that global calculations are broken up into independent, local
calculations.

As before, the procedure is derived from a construction in algebraic topolog¥. bet
a topological space which can be expressed as a nested sequence of subspaces

=X 1CXoCX1C---CX.

This is known as diltration of X. There is a spectral sequence expressing the homology
H.(X) of X in terms of the relative homology group. (X;+1, X;). In matrix terms, this
corresponds to a particular sequential procedure for reducing a block-triangular matrix.

4.1. Filtered matrices

Let M be a matrix regarded as a linear map-> W. We say thatV is afiltered matrix
if both V andW are filtered by subspaces

andM (Vi) c Wiforalli =0,..., p. In other wordsM may be represented by a block-
triangular structure:

Mpp Mpp—1 - Mpa
My, 1p-1- Mp_11

Mi1
Here the blocks are the naturally induced maps
My (V7Y v — (WEt wh)

between quotients of successive terms in each filtration.

A matrix is strongly filteredif the subspace¥‘, W' are generated by sets of vectors
drawn from the canonical bases Wfand W. This implies that the block-triangular form
above is realised by permuting the rows and column¥ of

The main contribution of this section is to show that one can construct strong filtrations
on geometrically sparse matrices in a natural way.
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Theorem 16. If M is a matrix with a CR-covering, theM is strongly filtered and hence
can be represented as a block-triangular matrix as above. Furthermore, the diagonal
blocksM;; are themselves block diagonal

There is an index for eachi-simplex of the nerve complex associated to the CR-covering.

In particular, suppose that a matrik is geometrically sparse with respect to a spsce
Choosing a covering oX, by Theorem 13 we can then construcC&-covering and
apply the above result. Different choices of covering lead to different block-triangular
decompositions.

We break up Theorem 16 into two propositions.

Proposition 17. If M is a matrix with a CR-covering, thei is a filtered matrix with
VE=3Gimoy=k Vo @nd W5 = 3" g 014 Wo.

Proof. We must check that (V¥) € W*. To see this, let = [ip...i] be ak-simplex.
Since M is CR-decomposed, we know that (V;) c W; for all i, and in particular for
i =ig,...,ik. Letv € VijyN---NV, =V,. Sincev € V;, we haveM (v) € W;,; and
similarly foriy, ..., ix. ThusM (v) € W, N---NW;, = W,,. This shows thaM (V) € W,
for all o. Taking linear combinations, we g&f(V*) c wk. O

In terms of the column covering = C1 U --- U C,, the spac&V/~1/ V') corresponds
to those columns which are contained in precigetf the setsC;. Similarly, the space
(Wk=1/W*) corresponds to those rows which are contained in precisefithe setsr;,
in the coveringR =Ry U---UR,,.

Proposition 18. In the situation of Propositioril7, each blockMy ; is itself block-
decomposed into unite, ; : V; — W, whereo is an (k — 1)-simplex andr is a (I — 1)-
simplex belonging to the nerve complex of the covering. Mored¥gr, = O unless
o > 7. In particular, the diagonal blockg/; ; are themselves block-diagonal, in that

My = @dim(a):kfl Moo .

Proof. If T = [i1...i] is an(l — 1)-simplex, thenV; is the space corresponding to the
columns belonging to the se§, ..., C;, and to no othersW, is defined similarly. The
proposition follows easily. O

This completes the proof of Theorem 16. In practice we can implement the block-
triangular version off in the following way. Order the list of cells oY (see Section 3.2)
in descending dimension, but otherwise arbitrarily. Each row and coluharfrresponds
to some cell, by reading off the relevant row Bf or D.. To finish, group the rows and
columns by the cells they correspond to, andkwstthe groups according to the cell ordering.
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4.1.1. Comparison with the Dulmage—Mendelsohn decomposition

Our block-triangular form is quite different from the Dulmage—Mendelsohn decompo-
sition (DM), which also puts sparse matricetiblock-triangular form (see [3]; or [7] for
a more recent account). The two approachesal@ éd to different kinds of matrices. DM
tends to be useful for matrices which are much sparser than those we consider in this paper.
It works by comparing different maximal pairings in the row-column incidence graph; if
these are plentiful then most of the matrix will tend to clump into one very large block, so
very little is gained.

Another difference is that DM is canonical and valid for general sparse matrices;
whereas our version involves the choice of a cingeand is special to geometrically sparse
matrices.

4.2. The spectral sequence

There is a rich literature of techniques (cf. [2]) for reducing a sparse matrix to echelon
form (or finding anL U-decomposition). In this section we present the spectral sequence
approach to this task. It supports our belief that algebraic topology can shed light on
matrix algebra. (See the end of this subsection for a converse.) We make no claim that the
algorithm in its current form is optimised to compete with state-of-the-art sparse methods.

Let M be a matrix with a filtration, not necessarily arising fronCR-covering. For
simplicity, we assume that the goal is to put in echelon form. It is possible to turn
this into anL U -decomposition, by careful book-keeping [4]€d-decomposition can be
obtained with suitable modifications. These topics belong to a future paper.

Using elementary row operations &fi, we want a new matrixy for which:

(1) The leftmost non-zero element in each rowNofis equal to 1 (unless the row is all
zero). This is called the pivot element of that row.
(2) No two pivot elements occupy the same column.

Given the above, we can order the rows\oby position of pivot (leftmost first); all-zero
rows coming last. This recovers the traditional notion of echelon form, if we need it.

Definition 19. If M is a matrix, letA(M) denote the indices of the non-zero rowsMf
and letZ(M) denote the indices of the all-zero rowsMf If I is a set of indices, then let
M[1, :] be the submatrix oM consisting of the rows indicated iy

We assume that we have some definite procedure in mind (such as Gauss—Jordan
elimination) for reducing a matrix to echeléorm. The spectral sequence makes repeated
use of such a procedure, on matrices much smaller Mhdtself.

The matrixM is reduced in the following way.

(1) Foreachkk =1,..., p, reduce the matridy ; to an echelon form matriN,ik. At the
same time, apply the same row operations to the matigs_1, ..., My, 1 to obtain
matricesN}, ;... Nt ;.
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(2) Forallk let Ay = A(N},) and letZ{ = Z(N},). Fori < k the submatriced} ;[A}, :]
are now part of the final answer, and will undergo no further changes.
(3) The submatricey,ik[z,}, :] are now all zero, and will be left alone.

(4) Further processing is required for the submatriN%[Z,}, :] for i < k. Define new
matrices

1 1 .
MLl = N qilA;g.0]
TN (ZE

fork=2,...,pandi =1,...,k — 1. Put these together to form a new matrix:

1 1 1
Mpfl,pfl Mgifl,p72 Mgifl,l
M M
—2,p—2 -2,1
Ml — p—&p . p
1
Ml,l

In effect, we have omitted the first few rows (which are in echelon form); omitted the
first few columns (which are all zero from the second block down); and rearranged the
remaining rows into a matrix witlip — 1) x (p — 1) blocks.

(5) Repeat the procedure on the new mafvix to obtain M2. Make sure to leave the
submatricesN}_; ;[A%_;,:] unchanged (the diagonal termg' , , ,[A7 ,.:] are
already in echelon form).

(6) Continuing the iteration3, ..., M?, we find that every row is accounted for. The
final answer takes the form:

1 1 .9 nl 1. 1 141 .
Npsp[A "] N[é,pfl[A ’2] Np,l[A ,2]
prl,pfl[Apfl’ e prl,l[Ap—l’ 1
N = o
N74[A7, 1]
N{4127.1

The very last blocwﬁl[zp, :] is by definition all zero.

Fig. 5. Schematic representation of Gaussian elimination.
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3 2 1

!

Fig. 6. The spectral sequence for & 3 block-triangular matrix.

It may be helpful to give a pictorial description. Figure 5 is a schematic representation of
the basic Gaussian elimination step. The dark grey triangle represents an invertible upper-
triangular matrix with diagonal entries edqti@ 1. A column permutation may be necessary
to see the matrix in exactly this form. Depending on the shape and rank of the matrix, the
white rectangle (all zero) or the light grey rectangle may be missing.

Figure 6 shows the three iterations required to reducex88dlock triangular-matrix.

We refer to the blocks a&f;; throughout (even as their entries are change); note the non-
standard labelling of rows and columns.

First, we reduce the diagonal block&s, M2 andM33, duplicating the row operations
on the off-diagonal blocks. For the second iteration, consigr. We act on the lower
‘half’ of this block, that is on the rows whos#33 part is entirely zero. After using the
dark grey triangle of théf> block to clear the entries above it, we reduce what is left of
M3, to echelon form (duplicating these operationsMgy). We useM;1 to do the same
to M>1. The third iteration involves the bottom strip df3;: we use the dark grey triangles
of M11 and thenM>; to clear the entries above them, ahen reduce the remaining thin
sliver to echelon form.

This pictorial description differs from the formal version in that we omit the row
rearrangements of step (4), for clarity. Figure 7 shows the final result, if we perform all
the rearrangements.

The authors have found that Fig. 6 gives a useful way of conceptualising spectral
sequences, which are notoriously difficult to understand at first. This is the promised
converse to the assertion at the beginning of this section; matrix algebra sheds light on
algebraic topology. We thank Marco Grandis for pointing out #@@man diagramf8]
were devised to fulfill a similar role, in a more formal context.
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Fig. 7. Final echelon form feer rearranging the rows.

4.2.1. Remarks on parallelisability

There are two degrees of parallelism in thgaalthm. In step (1) (and its iterates), each
indexk =1, ..., p can be treated separately. Much more importantly, Proposition 18 tells
us that each block4y i is a direct sum of sub-block®,, ,. Thus

(M Mijg—1 --- Mgl
can be treated as
[M(r,(r M(r,kfl e M(r,l]

for eacho separately.

This means that the calculations in the first iteration of step (1) can be carried out
in parallel for allo and allk. On subsequent iterations it is still possible to exploit the
simplicial cell structure to a limited extent. However, the predominant goal is to cover as
much of the calculation as possible on the first iteration. See Section 4.4.

4.3. Examples of block-triangularization

4.3.1. A cyclically banded matrix

Consider a 1% 12 cyclically banded matrix/ with bandwidth 3 (s@ = 1). Regarding
M as a linear may — W, we writevg, ..., v12 andwy, ..., w1 for the standard bases
of V. andW respectively. The parameter spaces a circle, and if

¢ (k) =y (k) = x; := [coSk/6), Sin(k/6) ]

then the matrix is.-sparse, where = |x; — xg+1|.

Figure 8 shows the construction ofGR-covering. On the left are the twelve points
xo, ..., x11. The circle is then covered by three sets as shown in the middle picture. This
gives a column covering:

C1=1{0,1,2,3,4, (C.,={4,56,7,8, C3=1{89 1011 0}

The three sets are then thickenedbio give the covering shown on the right. This gives
the row covering:
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Fig. 8. Covering a circle.

R1=1{11,0,1,2,3,4,5}, R>»=1{3,4,5,6,7,8, 9}, R3=1{7,8,9,10,11,0, 1}.

The simplicial complex\ consists of the three verticdg], [2], [3] and the three
edged[12], [23], [31] of a triangle. The interiof123] is missing becaus€; N C2 N C3
andR1 N R2 N R3 are both empty. It is now easy to identify the various subspége¥, .

For example,Vi2 = Sparjvs} sinceC1 N Cz = {4}, and W12 = Sparfws, w4, ws} since
R1N R>=1{3,4,5).

To determine the filtrations, note that 0, 4 and 8 are the only indices which belong to

exactly two of the set€;. All other indices belong to exactly one set. Thus:

vo=v, V1= Sparvo, va, vs}, V?={0}.

The indiceq0, 1, 3,4, 5,7, 8, 9, 11} are the ones belonging to exactly two of tRe so we
have:

wo=w, W = Sparfwo, w1, w3, wa, ws, w7, ws, wg, w11}, w2 =1{0}.

Figure 9 shows the result of reordering the based aind W using the simplicial
complex structure. There arex22 blocks, and the diagonaldzks each break into three
sub-blocks; these sub-blk&correspond to the six faces of the simplicial compléxFor
example, the sub-blockws, wa, ws} x {v4} corresponds to the ed§&2].

Note that the sub-blocks in the top left blogk; are all overdetermined (tall and thin);
whereas the subblocks in the bottom right bla¢k; are underdetermined (short and wide).

Yp Vg Vg |V1 Vg V3 Us Vg U7 Vg WVig V11
w11 X X X
wo | X X X
wy | % X X

X
X
X

Wy
ws X X X

X
X
X

wWs
Wy X X X

We X X X
w10 X X X

Fig. 9. The block-triangular form af/.
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It is not hard to see that this follows from the way in which tReare constructed as
thickened versions of th€;.

4.3.2. Discrete differential operators in the plane

Consider the earlier example whep¢ is an approximation to a partial differential
operator on the squai®, 1] x [0, 1]. If we approximate functions by their values on an
n x n grid, thenM is ann? x n® matrix. We label the rows and columns by points in an
integern x n lattice.

Coverings of the plane giv@R-coverings for the matri®¥/. Figure 10 shows a close-up
of one possibility, a regular grid of equal overlapping squares. The covering used for the
columns is shown on the left, the central square highlighted with a bold outline. On the
right is the thickened covering (with larger squares) used for the rows.

In these coverings every point belongs to one, two or four squares (as indicated by the
grey shading), so the nerv¢ is 3-dimensional. A modification of this covering will give
a 2-dimensional nerve, though that confers no particular advantage.

If the squares for the column covering have edgend overlap-, then the squares for
the row covering will have edgé + 2¢ and overlap + 2¢. We assume thatr2+ 2¢ < d
so that the overlaps are exactly as shown. The spédcis spanned by basis vectors in
the small dark squares, so it breaks into pieces of dimensiapproximately, one piece
for each square. Similarly# is a direct sum of pieces of dimensign+ 2¢)2. Thus
the top left-hand blockMy4 in the upper-triangular form splits into sub-blocks of size
(r +20)2 x r2.

In the same way, we can determine the sizes of the other sub-blocks. Blgcis
empty, but blockM25 splits into subblocks of size + 2¢)(d — 2r — 2¢) x r(d — 2r), and
block M11 has sub-blocks of sizel — 2r — 2¢)2 x (d — 2r)2. These estimates are relevant
to any detailed performance analysis.

4.4, Load balancing

It is important to choose the covering &f carefully, because theepformance of the
algorithm depends on it. It is unlikely that there is a general answer to the question of
finding the ‘best’ covering: special account of the geometryXofeeds to be taken in
each case. However, certain general points can be made. We illustrate this by considering

Fig. 10. Covering the plane with squares.



G. Carlsson, V. de Silva / Advances in Applied Mathematics 33 (2004) 1-25 21

a family of coverings for a cyclically banded matrix (¥o= S1). The analysis is intended
to be suggestive rather than exhaustive; detailed results belong to a future paper.

Suppose thaM is ann x n matrix, and that it is cyclically banded with width 2- 1.
The rows and columns df are labelled by points on a circle of circumferemcéVe can
cover the circle by regularly-spaced intervals of equal lendtly k) 4+ r. This gives a
column covering; the corresponding row covering has intervals of legth) + r + 2¢.

If we suppose that + 2¢ < (n/k) then no row or column can belong to more
than two of the covering sets, so we have & 2 block-triangular form. It is easy to
check thatM»> hask sub-blocks of sizer + 2¢) x r, and M11 hask sub-blocks of
size (n/k) —r — 2¢) x ((n/k) — r). There are R sub-blocks inM>1, each of size
(r+20) x (n/k)—r).

We can now begin the reduction process. Each sub-block/ip can be reduced
independently, with the calculation carried over to two of the sub-block¥:in This
givesk independent costs of

Caz = (r + 202(r +2((n/k) — 1))

operations. Meanwhile, thesub-blocks of\f1; are reduced independently, each at a cost
of

Cr1=((n/k) —r —20)((n/ k) —r).

That completes the first iteration.
The complexity of the second iteration depends on the number of pivots found so far: if
there are many pivots, then less of the matrix remains to be reduced.

Hypothesis 20 (local full-rank hypothesjs At each stage during the reduction, the blocks
being reduced have full rank.

This hypothesis leads to best-case estimates for a given matrix reduction; without it,
the complexity estimate quickly becomes intractable. It is not unreasonable as an
approximation to the true behaviour, since a generic matrix has full rank if its sparse
structure has full rank. In the conclusion to this paper, we discuss the local full-rank
hypothesis further.

The second iteration begins by using the pivotdff to clear parts oM21. Assuming
the local full-rank hypothesis, we can estimate this cost tb inelependent instances of:

Da1=2(20)*((n/ k) — 2r — 20).
Finally, we reduce the remaining 2 x 2k¢ part of the matrix. This requires
C21= (2k0)°
operations.

If we havek separate processors, then the total time coébjst+ C11 + D21 + Co1;
with one processor the time costd$Co2 + C11 + D21) + Co3. To first approximation
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we assume that <« (n/k); for otherwise theC1 term is comparable ta3, dominating
the calculation. If we make that assumption th&n and C11 are approximated by cubic
functions inr and(n/ k). One can calculate th&bo+ C11 is minimised whem = ¢1(n/k),
wherec1 = 0.39. Thenk(C22 + C11) = con®/k?, wherec, ~ 0.47.

We can now chooskeby balancing the terr(C22+ C11) which improves quadratically
in k, with the termC21 which gets cubically worse. (ThB21 term is dominated.)

Although this is only a rough calculation, the choicekofill typically have this flavor.
Too small, and the first-iteration sub-blocks are large; too large, and it leaves much left to be
done in the second-iteration. We also point out that the optimal valugiwes sub-blocks
in M»2 andM71 which are about the same size. This is a load-balancing phenomenon, and
entirely to be expected.

Finally, we have only covered the2 case, imposed by the assumption2¢ < (n/ k).
If r is larger, then the covering intervals overlap with greater multiplicity, and there are
more blocks and more iterations. A full analysis would include all these possibilities.

5. The Mayer—Vietoris spectral sequence

In this section we describe a different procedure inspired by the Mayer—Vietoris
spectral sequence in algebraic topology. Thecsal sequence is an iterative algorithm for
determining the homology groups, (X) of a spaceX, given a coveringl = U U---UU,,,
in terms of the homology groups..(U;, N - - - N U;,) of finite intersections of the;.

We begin with a lemma in homological algebRecall that an “exact sequence” is one
where the image of one map is equal to the kernel of the next one.

Lemma 21. Let V be a vector space decomposed as described after Defidiionhen
there are exact sequences

cee— VD yO Ly 0
and dually
Vv L yO_Ly_s0

Whel’eV(k) == @dim(o)=k VU.
Contrast the definition o¥ ¥ with the definition ofV* in Proposition 17.

Proof. The horizontal map® ® < v*=1 are defined this way: it = [ig...i] is a
k-simplex andr = [[io...?'d ...ix] is a face, then the componel} <« V; is the map
(—=1)4P,4; if T is any othertk — 1)-simplex, then the componeh} « V; is zero.

The rest is standard homological algebra. The result is well illustrated by considering
what happens at (9. Note that an element 6 © is specified by a sequence of vectors
vi € V;. The map tov computes the differencesbween the projections af and v,
on the common subspadg;, for each pairi, j. If the v; are actually projections of a
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vectorv € V, then these differences are necessarily zero. Conversely, if the differences
are all zero, then one can write down a vectawhich projects tov; on eachV;, since
the ‘overlaps’ agree. The general proof is a moomplicated version of this; we omit the
details.

The second sequence is dual to the first one, so that result follows immediately from the
first. The horizontal maps are defined in terms of the inclusigngrecall that/,, is the
adjointof P,,). O

Lemma 22. Let M be a matrix with anRC-covering. Then there is a commutative diagram
of exact sequences:

== WD =— WO < W <=0

R

c<— VYD) =—yO0 <— VY <0

where the vertical maps are the direct suM&) = @, M, .

Proof. Given Lemma 21, it remains to check that the diagram commutesoLet
[io...ix] be ak-simplex and letr = [ig...iq...ix] be a face. We must check that
My o (=14 P,y = (—1)¢ P,y o M;. This is given by Lemma 15. O

Since the diagram in Lemma 22 commutes, it follows that the horizontal W3p—
VD restricts to a map KeM @) — Ker(MD). It is then a short step to the following
theorem.

Theorem 23. There is a natural isomorphism
Ker(M) = Ker[Ker(M @) — Ker(M®)]
induced by the horizontal map — vV ©.

This gives us an algorithm for finding the kernel of a matrix. ebe a (geometrically
sparse) matrix with a® C-covering and nerve comple¥.
We will solve the equation

-

Mx=0

in three steps. The first two steps are local in character, involving very many small,
independent calculations which can be carried out in parallel. The inevitable global
calculation which follows in step (3) cannot be made parallel, but is substantially simpler
than the original problem.

(1) For each vertex oV, thatis fori =1, ..., p, find a basis of solutions to the equation
M;x; =0.
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(2) For each 1-simplefij] € N find a basis of solutions to the equatidf; x;; = 0.
(3) Determine the kernel of the natural map Kef?) — Ker(MD). (This map can be
expressed as a matrix in terms of the bases found in steps (1) and (2)).

Steps (1) and (2) may be carried out in parallel highly efficiently, given good row and
column coverings. The bottleneck is therthistage: although the matrix in step (3) is
usually significantly smaller thai itself, it may still be quite large.

The method allows us to compute the kernel of a matrix withR@hcovering, or the
cokernel of a matrix with £R-covering, by transposing. However:

Remark 24. If M is given aCR-covering, then the correct diagram is:

=y —-y0 —V —=90

A

=D —-= w0 — W —0

with the same vertical mapg ).

In this case there still is a Mayer-Vietoris calculation for Ky, but it is much more
complicated. In effectwe are computind{; of a homology spectral sequence; earlier we
were computing?© of a cohomology spectral sequence. Spectral sequence computations
in dimension 1 typically require many more algebraic steps than in dimension 0.

6. Conclusions

It seems clear to the authors that there is much scope for exploiting geometric sparseness
in matrix computations. In particular, it is natural to look for new local—global algorithms.
There are typically two stages to these algorithms: first carry out a large number of
independent, small local calculations, then finish with a global calculation. The global
calculation should be a much simplified version of the original problem; the simplification
being made possible by the local calculations. The structure of the calculation will be
regulated by the geometry of the parameter spsicend of the nervesd\V” of suitable
coverings.

The Mayer-Vietoris algorithm follows this pattern exactly. In the filtration spectral
sequence, the local stage takes place in the sub-block computations of the first iteration.
The remaining iterations constitute the global assembly process. There may be ways of
taking account of the sub-block structure even after the first iteration; if so, then the local—
global distinction becomes blurred.

The local full-rank hypothesis of Sectionddis analogous to the concept of ellipticity
in partial differential equations. An operator is elliptic if it is ‘more or less’ locally
invertible. For example the operatofdt has ‘inverse’/” - dx + ¢, with an undetermined
additive constant. The space of solutions to an elliptic differential equation typically
measuresliscreteglobal information: the existence of local solutions carries essentially
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no information (since the operator is locally invertible), so the interest resides in the
construction of global solutions. The de Rham theorem in differential geometry [5] is a
classic example of this. In the proof, a potentially infinite-dimensional problem is broken
down into an explicit local calculation (the Poincaré lemma) together with a combinatorial
patchwork process for assembling global results from local ones.

Without ellipticity, there is no hope of establishing any such result. In the case of our
spectral sequence algorithm, the analogous task is to replace a big global calculation with
a small global calculation, by first doing lots of small local calculations. As we saw, best
performance occurs when theairix is locally full-rank, which is when the local reduction
process has the greatest power. Without 8sienption, the matrix reduction might proceed
extremely slowly; it is not hard to see that this can happen in practice.

We hope that other authors will take up the challenge of finding new local—global
algorithms in the same spirit.
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